It is known that in the 2+1 dimensional quantum electrodynamics with Chern-Simons term, spontaneous magnetic field induces Lorentz symmetry breaking. In this paper, thermodynamical characters, especially the phase structure of this model are discussed. To see the behavior of the spontaneous magnetic field at finite temperature, the effective potential in the finite temperature system is calculated within the weak field approximation and in the fermion massless limit. We found that the spontaneous magnetic field never vanishes at any finite temperature. This result doesn't change even when the chemical potential is introduced. We also investigate the consistency condition and the probability that fermion stays in a lowest Landau level at finite temperature. 
Introduction
In a past decade, 2+1 dimensional gauge theory have been studied from a lot of motivation and many interesting and remarkable results have been found such as the chiral symmetry breaking [1] , parity violation by radiatively inducing Chern-Simons term [2] , and quantum Hall effects [3, 4] . Two years ago, it was found that in 2+1 dimensional QED with a bare ChernSimons term, spontaneous magnetic field can be stable and induce spontaneous Lorentz symmetry breaking [5] .
The effective potential, calculated by Hosotani [5] at fermion one loop level within the weak field approximation and in the fermion massless limit (m a → 0), is
where B is the magnetic field. The first term of RHS in (1) appears not in the tree level but in the one loop calculation. Of course generally, effective potential should be represented as a Lorentz invariant form and so the order parameter should not be B but trF µν F µν . Thus we can regard (1) as the effective potential only when we consider the model in the frame where electric field vanishes and only magnetic field exists. Looking at eq.(1), we can see immediately that true vaccum is not the point B = 0, but some lowest energy state with non-zero value of B. Then the spontaneous magnetic field B is induced and so Lorentz symmetry is spontaneously broken. And it can be confirmed that the Nambu-Goldstone boson in this symmetry breaking is transversely polarized gauge boson. Further, we can read in (1) that the constant κ which is the coefficient of Chern-Simons term makes the origin a singular point. Therefore it is a necessary condition for vanishing B that the first term of RHS in (1) vanishes.
In this paper we study the thermodynamical characters of the 2+1 dimensional QED with a bare Chern-Simons term, especially the effective potential in the finite temperature system [6, 7] , to see the phase structure and to investigate the behavior of the spontaneous magnetic field in finite temperature with chemical potential. Our central concern is whether Lorentz symmetry is 'restored' in high temperature, namely whether the spontaneous magnetic field B vanishes like the case of the theory of the ferromagnetic material [8] . For this aim, we calculate the coefficient of |B| in the effective potential at finite temperature. The calculation is carried out in the same approximation scheme as in the ref. [5] , namely, within the weak field approximation and in the fermion massless limit. As below, we show that the spontaneous magnetic field, which exists at T = 0, never vanishes at any finite temperature.
In the next section, to begin with, we start from the brief review of this model at zero temperature for later convenience. And then, after introducing temperature and chemical potential in the ordinary manner, we calculate the effective potential in the finite temperature system and discuss the behavior of the spontaneous magnetic field at finite temperature. We also discuss the consistency condition and the behavior of the filling factors at finite temperature.
2+1 Dimensional QED with Chern-Simons term
Consider a model described by the Lagrangian [5] ,
where index a is the label of each fermion field and the metric and gamma matrices are defined
Note that there are two types of gamma matrices with η a = ±1. We call fermions assigned η a = +1 type gamma matrices η + fermion, and η a = −1 type gamma matrices η − fermion, respectively. The solutions of Dirac equation for η + , q a B > 0 fermion are as follows,
where u np , w np are two component spinors defined in [5] , and a np , b np are annihilation operators for fermion and anti-fermion, respectively. And we can get the η − fermion solution by replacing u np (x) ↔ w np (x) in (7) . Note that there is an asymmetry of energy spectrum of fermion and anti-fermion at the lowest Landau level.
Hamiltonian operator and electric charge operator arê
If we put the same number of η + and η − fermion (N
in the model to impose chiral symmetry, and the filling factor as ν + = 1, ν − = 0 respectively and set the all q a = e, the vaccum expectation value of the total charge is
where ν ± are the filling factor which are defined in
and N p is the number of the degeneracy,
Some distribution of fermion in the lowest Landau level which satisfied the consistency condition
can be stable in the presence of spontaneous magnetic field. In our choice, the condition (15) is satisfied and the spontaneous magnetic field can exist. In this situation, the effective potential (1) is obtained within the weak field approximation and in the fermion massless limit.
Finite Temperature System
In high temperature, electron-positron pair creations may occur one after another and the total particle number may be increased, but the total electric charge Q in this system must be conserved. So we have to introduce the chemical potential µ a in our calculation as a Lagrange multiplier of conserved Q a [9] . And the effective potential is regarded as a thermodynamical potential V which is the function of B, T and µ a .
where J is an external field coupling with B, and Q a is also an input parameter that we fix. Then, we can get
where lim T →0 α(T, J, Q a ) = 1. Since the external J is not fixed, B remains independent variable. However if the electric charge Q a is fixed by hand, µ a is constrained by eq.(17) and then µ a is a dependent variable and a function of B and T . The B, T, Q a dependence of µ a can be determined from the equation
where
βµaqa + e
βµaqq Np
whereĤ = Ĥ a and µQ = µ aQa . In our model, q a = e, and N (11), (19) and (20), we obtain
where B 0 is the magnetic field at T = 0. Temperature dependence of µ is shown in Figure 1 . by solving this equation. Note that in our parameter choice, µ ≡ µ + = µ − . We redefine the effective potential as
Formally introducing T and µ according to Matsubara method [10] , we obtain ∆V = 1 2β
where p 3 ≡ 2nπ/β , and Π tot 0 , Π tot 1 , Π tot 2 are three independent parts of the self energies in the one particle irreducible (1PI) gauge boson two point functions [5] and will be defined in the next section.
The coefficient of |B| is obtained as the total derivative of ∆V by B at B = 0. To calculate this, it is convenient to divide this into two parts,
In (24) etc., µ 0 (T ) denotes the value µ(B = 0, T ) which is obtained from eq.(21). We can see that µ(B = 0, T ) = 0 at any temperature as below.
Since d∆V /dB is continuous function of T, µ for B ≥ 0,
where α(T , J , Q) is defined in (18). In eq.(27), T c is the critical temperature where the spontaneous magnetic field vanishes and that is just what we want to know. Thus when T ≤ T c , B = 0 means B 0 = 0. Then, from eq.(21), we get µ(B = 0, T ) = 0. As far as the coefficient of B calculated in this way is not zero, we can consider T c as the higher value. From now, we consider (24) ∼ (26) with µ 0 (T ) = 0. Then ∆V ′ a is formally written as
In eq. (28) 
and
If we take the weak field approximation,
and l 2 ≡ 1/|qB|. Now in the finite temperature system, since integral for time component changes to the modes summation, we don't have any ultraviolet singularities.
So we can take the weak field approximation here to calculate Γ 
Some parts of fermion modes sum can be written in the complex integral forms by the useful of mathematical formulae [6] . After performing summation and complex integral, and taking the fermion massless limit, we finally obtain Π tot s at finite temperature,
where A 1 , A 2 are the parts of temperature effect from fermion loops.
In (43) ∼ (45), if we take the limit T = 0, (β → ∞), it can be easily confirmed that A 1 , A 2 vanish and only the first term remain in each equation within weak field approximation and that our calculation reproduces the result in ref. [5] .
Effective Potential with T and µ
To know the behavior of the spontaneous magnetic field in the finite temperature system, we have to investigate the effective potential and have to solve the gap equation generally. However to our aim seeing whether spontaneous magnetic field vanishes or not at finite temperature, we have only to know the behavior of the effective potential at neighborhood of B = +0, namely the behavior of the coefficient of |B| as mentioned in previous section.
With the equations (43), (44), and (45) , we finally obtain after straightfoward calculation from eq.(28),
and,Ã
. (53) In eq. (49), since we can analytically show in high temperature limit and in low temperature limit and numerically for all temperature that
we confirm that ∆V ′ a is always negative.
In high temperature region, to know the asymptotic behavior of ∆V ′ a , it is convenient to divide ∆V ′ a into the zero mode part and the another part. Permuting integral variable x to αu in the zero mode part and to αn sinh v in the another part, we can easily see that the each part have α −1 dependence asymptotically. Thus,
And we have analytically confirmed that in T → 0, eq.(49) reproduces the result in ref. [5] using Euler -Maclaurin's mathematical formula [11] ,
We also numerically calculated ∆V ′ a , (see Figure 2) . We can see from At first, from eq.(21), we can analytically check that in neighborhood of B = 0, ∂µ/∂B is positive for all temperature and its B dependence is at most order minus one,
And we can see
from eq.(21). Further, since from eq.(17)
After all, ∆V ′ b is negative for all T and 
This condition is the sufficient condition for having the spontaneous magnetic field B 0 stably as mentioned before. In finite temperature system, the consistency condition (15) have to be rewitten as follows,
In our model, we have just seen that spontaneous magnetic field never vanishes and T c has gone to infinity. In finite temperature, η + fermions which are in the ground states ( the lowest Landau level ) may be gradually excited to higher states. Then, naively ν + seems to decrease as temperature grows. In fact, as the filling factor operators of η ± fermion are defined at finite temperature,
we can easily calculate ensemble averages as follows,
Clearly, ν + ( , ν − ) is monotonously decreasing (, increasing) functions of T (see Figure 3 .) and in high temperature limit, ν ± → 1/2. This means, the probability that η + fermion exists in a ground state is multiplied by no any statistical weight in high temperature limit. The second term in eq.(63) comes from the charge which is shared by the excited fermion and anti-fermion and this can be got from eq.(21),
In this paper, we have examined the thermodynamical characters in 2+1 dimensional QED with Chern-Simons term, which the vaccum can be spontaneously magnetized by some preferable fermion distribution which satisfies the consistency condition. The behavior of the effective potential at finite temperature is calculated at one loop level within the weak field approximation and in the fermion massless limit. The coefficient of |B| in the effective potential existing at zero temperature does not vanish even at finite temperature. Thus B = 0 point remains being singular and the lower vaccum at some B = 0 point exists.
Therefore we conclude that in our model the spontaneous magnetic field never vanishes at any finite temperature differently from the case of the theory of the four dimensional ferromagnetic material. We also discussed the consistency condition for having the spontaneous magnetic field at finite temperature and calculated the ensemble average of the filling factor -the probability that fermion stays in a ground state as the function of temperature and chemical potential.
Our results that the critical temperature T c is infinite may seemingly look like strange if readers consider them in a realistic system, such as the 2+1 dimensional system in the 3+1 dimensional world. In this case, the hopping to 3+1 dimension must occur at some finite critical temperature and our considering situation must break down. However, as far as we stand on the 2+1 dimensional world, our results are consistent. 
